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Abstract. We give a “classical” proof of a proposition, used by Elkies to prove that
an elliptic curve defined over @ has infinitely many primes of supersingular reduction.

Let Oy be the quadratic order of discriminant d. Recall that j(Oy) is an algebraic
integer, [2, Theorem 11.1], and let Py(X) € Z[X] be its minimal polynomial.

Pick a rational prime [ > 5. Let X be the set of elliptic curves defined over Fy,
up to isomorphism over F;. We can write X’ = X*¢ [T X° as a disjoint union of
supersingular and ordinary elliptic curves.

Define a “polynomial” (after [3]) by

Fa(X) = H Pd/f'z(X)“'(‘l/fg)
f2ld

where the product is over all f? | d such that d/f? is a discriminant, and w(d) =
2/107]. We have

P_yi(X) [=1 (mod 4)

fa(X) = { P_(X)P_g(X) [=3 (mod 4).

Our main result 1s

PROPOSITION. Let | > 5 be a rational prime. Then

faX)= I (X =3 (modl),

JEF,
j supersingular

is a square mod [.
Before giving the proof, we recall how Elkies uses this result to prove

THEOREM. [1, Theorem 1] Let E be an elliptic curve defined over Q. Then E has
infinitely many primes of supersingular reduction.

ProOF: Let J = j(E). If [ = 3 (mod 4) is prime, then, from the g-expansion for
j, it is easy to see that the real root of P_;(X') tends to —oc and that the real root
of P_4(X) tends to oc as [ tend to co. Therefore, for fixed J, P_y(J)P_u(J) <0
if [ is large enough, say [ > L.

Suppose p1,...,pr is a list of supersingular primes for E. Pick a prime l =3
(mod 4) so that (p;/1) = 1 for7 = 1,...,7 and so that | > L. Then, there is a
supersingular prime in the numerator of P_y(J)P_4(J). Otherwise, the numerator



of P_y(J)P_4(J) would be a product of ordinary primes. Hence P_;(J)P_qu(J)
would be a product of quadratic residues modulo I, and therefore a square mod [.
(Notice that (—I/p;) = (pi/l), by quadratic reciprocity.) Both P_;(X') and P_4(X)
have odd degrec (by the theory of genera) and so the denominator of P_y(J)P_4(J)
is a square. Therefore we have

PP = - (e medl),

square

This is a contradiction, because P_;(J)P_4(J) is a square mod I by our proposition,
but (-1/1) = —-1.

Therefore there is a supersingular prime, p, dividing the numerator of P_;(J)
P_4(J). Since (=1/p) =0 or —1, p cannot be one of the p;! I

PROOF OF PROPOSITION: If E is an elliptic curve, let w(E) = 2
that if E has complex multiplication by Oy, then w(E) = w(d).

The Fj-isomorphism class of F € X splits into
ism classes. Therefore

[T x-ir= [ x-iEny®

j€F1 EE‘\"urd

H faz_q(X) (mod I). (1)

0x%a€Z
a2 _-41<0

Autg (E)|. Notice

Autg (E )| different F;-isomorph-

(E is supersingular in characteristic [ > 5 if and only if the trace of I-Frobenius
= 0.) Let @,,(X,Y) be the modular equation of level m. We have Kronecker’s
congruence, [2, Theorem 11.18],

X, Y)= (X' =X =YY (mod ),

and therefore

1-1
X X)= (X' X2 = - [[(X =J)? (mod ). (2)
j=0
On the other hand, we have Kronecker’s identity, [3, (4.3)],
X X)==% ][] far—al(X)
a€l
a?2_4ai<o
=xfu(X) [ feeealX)
O#a€Z
a2 - 41<0
=+fu(X) [ (X -5) (3)
JEF,

jsingular

o



by (1). Combining (2) and (3) we get

HA -t =faX) [ (X -5

': JEF,;

Jsmgular

where the leading coeflicient determines the sign. The result follows because F;[X]
1s a unique factorization domain. |

The proposition shows that the number of supersingular curves defined over F; is
h(O_4)/2 1=1 (mod 4)
h(O_y) =7 (mod 8‘)
2h(O_y) [ =3 (mod 8),

which is a special case of the Eichler trace formula.
We end with some examples. If [ = 5 then, modulo 5

®5(X,X) = P_go(X) - (Pg(X)P_11(X)P IGCY)I’]B()())
=X (X +2)(X +3)(X +4)(X + 1))
If | = 7 then, modulo 7
O7(X,X) = P_o(X)P_gs(X) - (P_g(X)P_12(X)P_19(X)P_pa(X)P_pz(X))*
= (X +1)(X +1) (X(X +5)(X +6)((X +2)(X +3))(X +4))°.
If ] =71 then
P71 (X)P_gss(X) = (234 X)*(31 4+ X)? (47 + X) (54 + X)*.
X35+ X)*(30 4+ X)* (47 + X) (mod 71),
and we see all the supersingular invariants in characteristic 71 are defined over Fry.
Finally, if | = 389, A
P_ys56(X) = X2(31 + X)?(62 + X)*(71 + X)(169 + X)*(235 + X)2(268 + X)?
(353 + X)*(372 4+ X)*(373 + X)%(382 + X)* (mod 389).

I would like to thank David Roberts for his help in writing this paper. The same
proof has been found independently by Zagier and by Kaneko.
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